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Abstract 

In this paper we construct the generalization of the Cheeger-Gromov L 2 -rho-invariant in 
the case of families. It is in fact a differential form: given a family of Dirac-type operators 
along the fibres of a fibration M —> B and a fibration M — > B of normal F-coverings of 
the fibres, the rho-form is defined as the difference between the 77-form of Bismut and 
Cheeger and an L 2 -eta-form, 77(2) -form, whose meaning is here given. 

Some hypothesis on the spectrum of the family of operators on the covering fibres 
must be made, to construct r)( 2 ) . The delicate point is in fact in the t — > oo-asymptotic 
of the heat operator for the Bismut superconnection on the covering. First we consider 
a strong hypothesis (unifom invertibility for the two families of operators): in this case 
17(2) is well defined. This situation occurs for example in the case of a fibration of spin 
manifolds with vertical metric of positive scalar curvature. Here we also prove that rho- 
form is constant on the connected components of the space of metrics on the vertical 
tangent bundle which are positive scalar curvature along the fibres. After that, following 
the ideas of [HL] , we study the case of some weaker regularity hypothesis for the spectrum 
of the family of operators on coverings. We find out that if the Novikov-Shubin exponent 
(3 is greater than 3(dimB + 1), then the rho-form is well defined and closed. 
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1 Introduction 

Consider a family of compact manifolds {M z ,z € B}, fibres of a smooth fiber bundle tt : 
M — > B. Let T(M/B) C TM be the vertical tangent bundle with a given metric Qm/b an d 
fix a connection, i.e. a choice of a splitting TM — T(M/B) ThM . 

Let : E — ► M be a vector bundle of vertical Clifford modules, i.e modules for the Clifford 
algebra bundle C\(T*Al/B,g M / B ), with Clifford connection \7 E on E. Then we are given a 
family of Dirac operators V = (D b ) be B 

D b :C°°{M b ,E b )^C°°(M b ,E b ) 

Suppose that dimKerD z is constant in z: then one of the results of the heat-kernel proof 
by Bismut of the family index theorem is that the so-called eta-form of the family is well 
defined (see theorem |A,2, page 26| in appendix) : it is given in the case of even dimensional 
fibre by 

fj(V) = ^=[ Str ( ^e~ B » ] ds eC°°(B,A even T*B) (1) 



/7T 







where B is the so called Bismut superconnection, and in the case of odd dimensional fibre by 

f)[V) = ^ f° Tr a(i)f^- B ^d s £r(5,A^rB) (2) 



/7T 







where B is the so called O(l) Bismut superconnection. When B is a single point {0}, and the 
family reduces to a single operator D — D , then fj(D ) reduces to the Atiyah-Patodi-Singer 
^-invariant of the single operator 



1 f°° 

r)(D) = — t-i TR(De- tD2 )dt 
V n Jo 



In fact the eta-form r) plays a crucial role in the family index theorem for manifolds with 
boundary (Q3C] [MP] '!. 

If B is a point and Mo — > Mq is a normal T-covering of the manifold Z, then D can be 
lifted to a T-invariant operator D. By means of a von Neumann trace, Cheeger and Gromov 
defined (in |CGj ) the L 2 -eta invariant 

1 f 00 

t} (2) {D) = -= t-?TR T (De- tD2 )dt (3) 



in 

- 2 







and they considered the L -rho invariant, defined as the difference 



p {2) {D)=r 1 {D)-r, m {D) 
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There are two particular Dirac-type operators, whose L 2 -rho invariants have many in- 
teresting applications to geometry: they are the Dirac operator on a spin manifold, and 
the signature operator. Let's recall some results which motivate us to generalize p( 2 ) to an 
analogous quantity for families. 

(a) Let Mo be a spin manifold, and D = p g the Dirac operator, w.r.t. a Riemannian metric 
g. Let r : M — » BY be a map classifying a T-normal covering. Let 1Z + (M ) be the 
space of metrics on M which are positive scalar curvature. Observe that p( 2 ) depends 
on the metric on Mq. 

(a.l) p(2){p) is constant on the connected components oflZ + (Mo). (It follows from 
Lichnerowicz formula and index theorems on manifolds with boundary.) 

(a. 2) If r is torsion-free and satisfies the Baum-Connes conjecture for the maximal 
C*-algebra, then p {2 ){p g )=0 if g € K+(Z). (Piazza-Schick [PSl] ) 

(a. 3) If M is a spin manifold of dimension 4k + 3 , k > 0, iflZ + (M) is non void andT 
has torsion, then M has infinitely many different T-bordism- classes of metrics with 
positive scalar curvature: these metrics are distinguished by p(o\(p g ) (Theorem 1.3 
in IPS21V 



(b) Consider a Riemannian manifold M and let D = D s%9n be the signature operator. 

(b.l) p( 2 ) does not depend on the metric on M . (Observed by Cheeger and Gromov in 

(b.2) IfT is torsion-free and satisfies the Baum-Connes conjecture, then p( 2 ) depends 
only on the oriented V -homotopy type of (M, r : M —> BY). ( |Kej . see also [PSl]) 

(b.3) Let M be a compact oriented Riemannian manifold of dimension 4k + 3, k > 0. 
If n\(M) is not torsion-free, then there are infinitely many manifolds that are 
homotopy equivalent to M but not homeomorphic to it: they are distinguished by 
P(2)(D slgn ). (Chang and Wienberger [CWj ) 

Let us come back to the situation of a family. Suppose now there exists a fibration 
q : M — > B such that Vz € B M z is a normal T-covering of M z , for a fixed group T. For 
example we can obtain this by taking a normal r-covering of M. Let V be the family of Dirac 
operators lifted on the fibres of the coverings fibration. 

Our goal is first to construct a eta form t)( 2 )(2?) € C°°(B,AT*B) and then to consider the 
difference ?)(2)(^) — V- The difficulty in the definition of an r)( 2 ) is in the (t — > oo)— asymptotic 
of the heat operator for the Bismut superconnection on the covering, that is strongly related 
to the behaviour of the spectrum near zero (see appendix |E| . 

In section [3] we first construct f)(2)('D) under the strong hypothesis that the family on the 
covering is uniformly invertible 



(ipl) 3p > such that VteB 



spec(D fc ) n (-/z,m) 
spec(Z)h) n {-p,p) 



(This strong requirement is naturally satisfied for example if the fibres are spin manifolds 
with metric of positive scalar curvature and if V and V are the families of Dirac operators.) 

We prove that the difference /5( 2 )(£>, R : M — > BY) := fj(V) — f)( 2 )(2?) is closed. In section 
[6] we try to answer some questions about the space of metrics of positive scalar curvature 
along the fibres of a fibration M — > B of spin manifolds. We prove that p(p) is constant 
on the connected components of the space of metrics on the vertical tangent bundle which are 
positive scalar curvature along the fibres. 

In section [71 following some ideas of [HLJ, we remove hypothesis (ipl) we study some 
weaker regularity hypothesis for the spectrum of the family of operators on coverings near 



4 



Sara Azzali 



zero. We find out that if the Novikov-Shubin exponent (3 is greater than 3(dim_B + l), and the 
spectral projections of the family V are smooth on B, then the rho-form is still well defined 
and closed. A natural question is then posed: are there fibrations whose family of signature 
operators on the coverings satisfy these hypothesis on the spectrum? If yes, does it hold that 
p is a fibrewise homotopy invariant? We state a natural conjecture, on the lines of the results 
of Keswani |Ke] and Piazza-Schick [PS1J. 

Acknowledgements This is a part of my researches for the Ph.D thesis. I sincerely wish to 
thank my advisor Paolo Piazza for having proposed the subject and for the beautiful teachings 
he has been giving to me in these years. 

I also would like to express my gratitude to Moulay Tahar Benameur for interesting dis- 
cussions, and useful suggestions and remarks. 

2 Setting 

Let 7r : M — > B be a fibration with fiber a compact manifold F (for the moment suppose dim F 
is even). Let T(M/B) be the vertical tangent bundle and let Qmib a metric on it. A connection 
on TM will be the choice of a subbundle T H M C TM s.t. T"M ® T{M/B) = TM. When 
a connection is given, we will denote with V and TL the projections on T H M and T(M/B) 
relative to the splitting. When X is a section of TB, let X H denote the unique section of 
T H M s.t. tt*X h = X. 

Let gM/B be a metric on the vertical tangent. Fix also any metric gs on the base (and 
lift it on the horizontal bundle). By assuming that T H M and T(M/B) are orthogonal, TM 
is endowed with the metric g = Tr*gB ® gM/B- Let V 9 the Levi-Civita connection on M with 
respect to the metric Tr*gs ffi gM/B- Define 

yM/B = V yg V 

on the vertical tangent: XJ M I B does not depend on gs (see for example [BGVJ proposition 
10.2). 

Let E — ► M be a hermitian vector bundle of Clifford modules on Cl(T* M / B , g M / B ), 
and call c m : Cl(T*M/B,g M / B ) — > End(i? m ) the Clifford action. Denote Mb ■= 7r _1 (6) and 
Eb := E\ Mb . Assume that E is given a connection V E such that 

[Vf,c(a)]=c(vf /B a). (4) 

These data produce a family of Dirac operators V = (Db)beB- explicitely, if b e B is fixed, 
let Eb = E\ Mb be the restricition of the bundle on the fibre Mb- Vm € Mb then T^Mb = 
T^(M/B), so that restricting to Mb, we have q, : CliT^Mb) — ► End((i?b)) m . The composition 

D b = c b o V Eb : C°°(M b , E b ) -> C°°(M h , E b ) 

gives the family of operators. 

Suppose now there exists a fibration q : M — ► B such that Vz € B, M z is a normal 
T-covering of M z , for a fixed group T. Let V be the family of Dirac operators lifted on the 
fibres of the coverings fibration. 

For example we can obtain this by taking a normal T-covering of M, as follows from this 
lemma in appendix [Fl 

Lemma 2.1 — Let tt : M — > B be a fibration and let M — * M be a regular T-covering of 
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the total space M . The composition q = it o p : M — > B is still a fibration, and the fibre 
g _1 (6) = Mb is a V -covering of Mb. 

Let p : M — > M be a normal T-covering, and let E := p*E the vector bundle naturally 
induced on M. 

It is trivial that p*{E) ]Mi = (p*E)\ At = P* b {E\ Mb ) = E b , where Pb = p [M}> . Let T(M/B) -» M 
be the vertical tangent bundle, which is T(M/B) = p*T(M/B). The metric <7m/b lifts to 
9m Ib 011 T(M/B). Also the choice of a connection TM = T(M/B) © T#M gives a splitting 
of TM, posing Vm G A? (T H M) A = fc)- 1 (T H M m ) C T A M. 

25 is given the connection p* V E and it is trivial also how to define a vertical Clifford action 
on E: the bundle of Clifford algebras Cl(T*(M/B),g M / B ) — ► M is clearly the pull back of 
the Clifford algebras bundle on M. Moreover Vra G M Cm : T^(M / B) — > End p ( A ) E p ^rh) 
is exactly c p (m) since vector spaces coincide. The family T> = (D z ) z£ b is defined, where 
D z = coVf z , 

Often in this context one considers also some infinite dimensional fibre bundles associated 
to the family. Let's recall their definition: £ ^ B is the bundle with fibre £ b — C°°(Mb, Eb), 
and in parallel £ — » B has fibre £b — C°°(Mb, (p*E)b). Its spaces of section are given by 
C°°(B,£) = C oa (M,_q*(A*B) ® E) and C°°(B,£) = C°°(M, q*(A*B) ® E) respectively. It is 
clear that C°°(M,E) is generated by sections wich are pull-back of sections in C°°{M,E). 
Then C°°{B,£) is generated by p* (C°°(B,£)), i.e. £ can be treated as a pull-back of £. 

Now we want to construct a superconnection IB adapted to the family V. It will be a 
differential operator 

B : C°°(M, E ® n*AT*B) -> C°°(M, 25 ® n*AT*B) 

which satisfies conditions in definition IA. 191 

Moreover we want that the t — > O-asymptotic of e~ a has the usual properties of the 
Bismut superconnection. 

Bismut superconnection for V. To construct a Bismut superconnection B adapted to 
the family V we can either pull-back the Bismut superconnection adapted to T>, or we can 
repeat the geometric construction in lA.2l both methods give the same result B. 

Pull-back construction: consider a family as described before: in general if A is a supercon- 
nession adapted to the family V, then one can define A adapted to V: posing V/ € C°°(M), 

y s eC°°(M,E) 

A(f-p*s) :=d B Afp*s + fp*(As) 
and then V/3 G A(B), Vs £ C°°{M, E) 

A(q*f3 <g) s) = q*d B (3 + {-l) m q*/3 A As 

By construction A is odd w.r.t. the total grading, Leibniz rule holds, and the superconnection 
is adapted to V in fact V/ G C°°(M), Vs G C°°(M, E) 

A [0 ] (f-p*s) = fp*(A [0] s) = f P *(Vs) = V(f-p*s) 

Geometric construction. We can repeat step by step the construction of the Bismut 
superconnection (see appendix IA.2|1 . Let V M / B on T(M/B) the canonical connection on the 
vertical bundle constructed (see |BGV| . proposition 10.2), V M//B := PV^P where is the 
Levi-Civita connection on TM w.r.t. the metric g = g M / B © 3s- It is clear that = p*X7 9 . 

All tensors recalled in page [26] can be written also for the fibration M — > B and the family 
T>: denote them with the letters k,(l,T. 
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Repeating the construction we obtain the superconnection B 

i ol ' a</3 

which is exactly the pull back of the Bismut superconnection B. 

3 Analysis for the family V and the Bismut superconnec- 
tion 

In our setting we are dealing with two families of Dirac operators: V and V. Let B be the 
Bismut superconnection adapted to V constructed as above. Then B = 2? + 8^ +Br 2 i, where 
% : A'{B, E) -» A' +l (B, E), i = 1, 2. 

The square B 2 is a family of vertical operators and from its explicit construction (see for 
example |BGVJ, theorem 10.17) we know that 

B 2 = V 2 + 

where V 2 is a family of generalized Laplacians, and is a family of zero-order operators of 
with coefficients in A*T*B. In other words for any fixed zGBwe have F z = (D z ) 2 + 
where F? + -, is the lift of the corresponding zero order differential operator on M z . 

Remark — Since M z is the covering of M z , the bundle E z — > M z is bounded geometry. 
This implies that belongs to the space of bounded C°°-sections 

UC°°(M z ,End(E z ) <g> /\T*B). (See appendix ED for definitions). 



3.1 Construction of the heat kernel for B 2 

The main property of the Bismut superconnection B is the behavior of the t — > 0-asymptotic 
of e _B * . In the direction to obtain the corresponding property for B, we first give a precise 
meaning to the quantity e~ m , where B is a superconnection adapted to a family of operators 
on the coverings. It is in fact the family (e~ tF ) z eB- Fixed z 6 B we want to construct the 
heat kernel for the operator F z = (D z ) 2 + F z + y Observe that (D z ) 2 has a heat operator e~ tD * 
(by functional calculus). With the Volterra series we write formally 

e -^ =e -tf>l+J2(-t) k F k (6) 

fe>0 

with 

It = [ e-^F^e-^ . . . Ffae-^'da! ...da k , V ai = 1 

J ^ i=0 

As in chapter 9 of [BGVj we observe that the sum in is finite, since the composition of k 
times the operator gives an operator which increases of k the degree in the exterior algebra 
AT;B, and A k T*B = for k> dimB. Each term e - aatf>2 T [+] e~ a ^ . . . fi^e-*"™ 2 \ z makes 
sense and is a smoothing operator: in fact since the condition ^ <jj = 1 implies that at least 
one of the Oi is not zero, the corresponding e - (T i tD z [ s smoothing, and each operator F z [ + ] is a 
bounded zero order differential operator on L 2 (M z ,E z ®f\ T*B). Moreover the dependence on 
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cr is continuos and each Ik turns out to be a smoothing operator. For each z £ B fixed, we have 
constructed e~ tF E Op~°°(M Z) E z ) AT*B. Observe that B7 = 7B and, as consequence, 
that Vz e~ tF * G Op^°°(M z ,E z ) ® n*AT*B. Hence by lemma EM] in appendix C, e~ tF " is 
T-trace class. Let p*(x, y) is the heat kernel of F z , then as usual one proves that p~l(x,y) is 
smooth in z S £?. 



Definition 3.2 — Define ICr(E) — ► as the infinite dimensional bundle whose fibre is 

£ r (^* = {iretf-~(M a ,4) : K ■ j = 7 ■ K V7 € T} . 

Then e~ tjr is a section of /C r (£0 O AT*B. 

Notation from now on the Schwartz kernel of an operator T will be denoted by [T](x,y). 
We will need the following basic fact, proved in |Do| and [Do2j: 



Lemma 3.3 — For t <T ( 







}(x,y) < Cl t-?e- c *^- (7) 



Consider now the reseated superconnection M s := sz5 s o MS S 1 where S s is the operator 
which, restricted to C°°(M Z , E z ® /\ T*B) is multiplication by s _ 2. In our case B s = 
s3Bp] +B[i] +s _ 3B [2] . We have 



B^ = s,S s o JTo^|, = a = s 5 s (Di + Ff +] )5;' = s(Di + 5 s (Ff +] j) (8) 

Now, from lemmaEHin appendix, e~ K ^ z = e - 8 ( 5 *+*»( F *+])) belongs to B^(L 2 (M Z ,E Z )) ® 
AT*B. We can write 

Str r e-*^ = Str r ( e -( fl J+'.( # [+]))) = | Str^ [e-^+'.^H-]))] (x,x)dvol ^(x) 
where T z is a fundamental domain in M z . 

Its T-supertrace is an element of AT*B hence Str r (e~ i ') € C°°(B,Ar*B). The following 
lemma is simple: 

Lemma 3.4 — 



Proof- lfstr r (e-^) N ) = A Str r (V^+M^,))^ 
as V J \ z as \ J 



= ^ btr ^xie 1 - 31 

where I is a fundamental domain in M z and where the last equality follows from proposition 
ID.32l in appendix; by the classical equality (see for example [BGVj prop. 1.41) this equals 

= -dStr(xr{-i- e 3 )xi) = -dStr r (— — e 3 ) 
as as 
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□ 

Integrating on the interval (t, T) one gets as usual a transgression formula 

i-T 



Str 



( e -^)_Strr(e- i « 3 )=-d| Str r f ^e"* 2 J da (9) 



4 The t — > asymptotic 

In this section we analyse the t — > asymptotic for e~ B * . Here we don't need any regularity 
condition on the spectrum of V and T>. We'll prove the following propositions: 

Proposition 4.5 — IfM is the Bismut super connection, then 

limStrr (e" B ?) =J A(M/B)chE/S (10) 



Proposition 4.6 — The term Str r ~j^ e B *|z is integrable for t — > 0, 

To prove these propositions we show, following the idea of Atiyah |A1| pag.416, that e~ tjr 
and e~ t:F have the same asymptotic expansion for t — > 0. As observed by Atiyah, the first 
step is the following lemma 

Lemma 4.7 — If F(t,x,y) := £ 9er [e _tF ](s,|/5), * fte « 

F(t,£ s y) = [e- t5r ](p(x),p(iO) (H) 



Proof — 



Moreover limt_o J*x> F(t, x, y)s(y)dy = s(x). Now observe that F(t, x, y) is V x T— invariant, 
in fact 

F(t,x ■ gi,y-g 2 ) = 2J^ t:F ]{xgi,ygg2) = 

Yy~ t *\&V99i{ai)~ 1 ) = F(t,i,y). 
ger 

where we have used that T is the lift of T so that [e t:F ] is T-invariant w.r.t.the diagonal action, 
r x T-invariance implies F = n*G for some kernel G on M. Now 

no o 

° = { dt + ^ )F{t ' *' ® = { di + ^) 7r * G (*' £ ' = ^*(^ + ^) G (*> a:. V) 

then ( + F$)G(t, x,y) — and also lim t _, G(i) = / since the fundamental solution of the 
heat equation is unique, then 

G{t,x,y) = [e- t *](x,y) 
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□ 



From this lemma it follows that 



{p(x),p(y))-[e-^](x,y) 



On the diagonal 



Now we evaluate 



[e-^]{p(x),p(x))- [e**](x,x) =Y J \e- t *}{x,xg) 



(12) 



E s# Je-*H(i,%) 



: fix A > 



< I J2 \^]^9) +1 E 



9#e 

d{x,xg) > A 



d(:c.:cg)<A 



To estimate the term corresponding to d{x,xg) > A: let N(r) := #{{£<?, .9 S T} n r)}. 
If the sectional curvature of the compact manifold M z is bounded below by —K 2 , then the 
following estimate holdf], we 

N(r) < cost ■ e {n - 1]Kr (13) 



Then 



E [^(Mfl) < E I^KMfl) 



< 



9 t" 

d(x,xg)>A 



d(x,xg)>A 



< / cost- S -^e- J ^e (n - 1)KR dR = cost- s~ 
Ja Jo 



e -^ e (n-W^) (it = 



C ■ s 2 I 

10 



-^^ e (n-l)K ( A + x) dx 



C- s ^e-^c^ KA / e-V-^+Ci-fOJOda; < 
»/o 



<C- S -t e -^ e («-i)^A / e -^-^- 1 ^dx = C-s-^e-^e^ KK 



For sufficiently big A this is o(e « ) for s — > 0. 



The remaining term E] [ e '"^K^'^fl 1 ) 



is a finite sum. Let (5 be the length of the shortest 



d(x,xg)<A 



closed geodesic on M which is in a nontrivial homotopy class. Each term is then bounded by 
cost ■ s~%e~^~ , so that the term is o(e _ ^~). Finally 



e-^](p(x),p(x)) - [e tJ -](x,x) = o(e"^) 



!Let e small enaugh s.t. B(x, e) n B(xg) = g ^ e. Then vol(B(x, r)) > N(r) vol(B(x, e)) 
so that 

vol(g(»,r)) 
1 ^ " vol(B(z,e)) 

Now, using Bishop inequality and the fact that the ball of radius r in a space of constant 
sectional curvature —K 2 is V~ K (r) ~ ce~( n ~ 1 > r , the estimate follows, (see [MiJ) 
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hence the two kernels have the same asymptotic for t — ► 0. Explicitly, 

oo 

[e- t:F ](x,x) ~ (4irty% ^t%{x) 



i=0 



[e~ t:F ](x,x) ~ (47rt)~* 53^(2) 

with fe,(x) = ki(p(x)). 
Proof — (of proposition I4.5( l 

limStr r (e^«) = !im / s s fstr ~_ [e^ 8 ^]^, z)) d£ 

the integrand 

Urn*, (Str^ [e- s *](x,x)) = \imS t (Sti Ex [e-^]{p(x),p(x))) 
= (27ri)-^i(M/B) cb(E/S). 



□ 



Proof — (of proposition 14. 6p To prove that the term /3(s) = Strr(-^-e B ') is integrable 

for s — > we follow |BGV| chapter 10, pag. 340: consider the rescaled superconnection 
B s as a one-parameter family of superconnections, s e K + . Consider a new family M = 
MxM + ->5xl + =:5. Let i? = E 1 x M+. The computations in jBGVj give that the Bismut 
superconnection for the new family is B = B s + d R + — f^ds. The rescaling of B gives 

^ — Tt 

B t = B st + d R + ds 

4s 

and 

" ~0 dM° 

^ = Bf, + t— - A ds 
ds 

so that 

e = e"^ - /' e -^ t ^ e -(i-)^ t A ds = - ^ e "^ A ds. 



Then 



ds 9s 



Str r (e-*J = Str r ( e -^) - Str r e^ 3t ds 



Since is the curvature of a Bismut superconnection, then the asymptotic expansion of 
Strr(e _jrt ) does not have singular terms 

oo 

Strr(e _ ^) - ^^($2 - a L ds) 
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Computing in s = 1, since 3§f - = t^ff 

' d 



r 



ds 



J=0 



and 

Let's compute ao: from the local formula 

$o-a ds = JimStrr(e^) =(2m)~'J^ A(M/B) (14) 

since M( z -s ) = M z x {s}and the differential forms are pulled back from those on M — > £?, 
then the right hand side of (f!4|) does not contain ds so that ao = 0. This implies that 

Str r (— e *)~2^ t2 a i 



dt 



□ 



5 The t — > oo asymptotic under hypothesis (ipl) 

In this section we will work under this strong hypothesis: 

(ipl) E„ > such that V6 e B ( SpCC ^ " ^ »\ = J 

v ; P 1 spec(D b ) n (-//, /i) = 

(later we will remove this assumption). In this case it is not difficult to prove that the 
asymptotic behaviour of e _Bt for t — > oo makes no obstructions in the direction of defining 
77(2) . In fact we prove the following two lemmas. 

Lemma 5.8 — Under the hypothesis (ip 1) one has 

lim Str r (e- fi * 2 ) = 

t—*oo 



Lemma 5.9 — Under the hypothesis (ip 1) 

S tr r fe- S = 0(r s ) V6>0 



so that I3 z {t) is integrable for s — ► oo. 



PROOF— (of lemmas \EB and \EM Let M = C°°(B,AT*B ® End£) the big set which 
contains in particular all families of differential operators with differential forms coefficients: 
it is filtered by Mi = sections of J2 3>i A J T*B <g> End£. In the same way, £(£) <g> AT*B -> £ 
is the infinite dimensional bundle with fibre JC(£) Z ® AT*B equals the algebra of smoothing 
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operators on E with differential forms coefficients. The space Af of sections of the infinite 
dimensional bundle K.(£)<S> — * B is filtered by Afi — sections of J2j>i A J T*B £g> K.(£). 

We make the following remark, used in [HL] (here we use that the manifold M z and the 
bundle E z -> M z are of bounded geometry): if T £ Af, then Vze5 A4 € Op ~°°(M Z , E z ), 
and by proposition |C.30| in appendix, its Schwartz kernel [Af z ] satisfies that for sufficiently 
large I it holds that 3cf s.t. 



Vx.yeM | [A4](^,y) | <cf || 



(15) 



Then, for T-trace class operators, an estimate of ||7V Z ||_ Z ; produces an estimate of Strr(A/"). 

From JS| we have B^| z = s(Z/j + 5 S (F,^_,)). To simplify notations, we consider now z <E B 
fixed and we write D for D z . Also denote St(F^) := Ct so that our heat kernel is e~ t ^ D+Ct ^ > — 
e~ tD + J2k>o(~ t) k Ja •Aq- ^he assumption (ipl) implies that the inverse G of D 2 satisfies 

||G|| S s < — Vs e M. This implies, with estimates as in |Lo] (pag. 215, proof of proposition 
25), that 3A 



-tD- 



< e 



-At 



for large T 



(16) 



Then our goal is now to estimate 1 1 J2 q>0 {— t) k Ja -4?II-M- Fix q and consider the in- 
tegrand Aq = e- aotD2 Cte- aitD2 . . . Cte^ a " tD2 . There exists i s.t. en > -^j, Let for 

example i = q. Ct is of order zero and belongs to AAqo. Then t~^Ct has coefficients 
which are uniformly bounded in t, for t > |, so that ||i _5 Ct||i,z < c\. Write each term 



Vcr 7^ a q we have 



t e . . . v *<^t 

t<rf> 2 t -i Ct 



2 q 



-ta„D z 



-1,1 



< t~ 

Hence using also (fT6|) 



t~ m G m (tD 
1 



< 


e -ta& 




1,1 








m e -ta q D 2 




< r m 






-1,1 





t 2 Ct\\i,i < c\. On the other hand 

<t~ ro ||G ro || u (tD 2 ) m e- ta ^ 2 
sup{(tz) m (l + z 2 ) l e-^r zZ } < cr 



< 



-u 



[e- t&> ](x,y) + (£ / A q }(x,y) 



Oft 



V<5 > 



which proves Lemma 15781 Now to prove Lemma 15791 write 

1 



d 
ds 



no] 



-s 2 



»[2] 



which shows that — — is a family of vertical operators. 

ds 



We write for each fixed z € B, 



ds 



operator. Then 



ds 



!*-*( 



o 2 



W. ] , where VFz is a zero order 



s -^(b z -s- x w z 



-sD 2 



•£(-*) 5 

q>a 



A g dcTi . . . a q 



(17) 
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where A q = e~ aQtb ^T [+] e-' 7 ^ . ..T [+]e -^ t£) ^. 

Consider now the family in lfT7|) . Applying the same method as above also the proof of 
15.91 follows easily. 

□ 

5.1 Definition of the p-form under uniform invertibility hypothesis 

Under the hypothesis (ipl) of uniform invertibility we can now define 

POO I 7TTD _ \ 

fj w (p,r : M -> BT) := J Str r ( ^-e^ds J € C°°(B, AT*B) (18) 

and 

p(M,M,V) :=r) {2) -rieC°°(B,AT*B) (19) 
Proposition 5.10 — The form p{M,M,V) is closed. 

Proof — From the transgression formula and the asymptotic behaviour, we get 

dfj = [ A(M/B) ch(E/S) = dfj {2 ) 
Jm/b 

hence p represents a class in H*{B). □ 

We can obtain numbers pairing p with homology classes [u>] £ H*(B). 
In section [7] we will extend this definition removing the hypothesis (ipl) and requiring 
some weaker conditions. 

6 Fibrations of spin manifolds and PSC questions 

Consider a fibration tt : M — ► B s.t. the fibres are Spin manifolds of even dimension, and 
let V — (D z ) ze B be the family of Dirac operators. The invertibility hypothesis (ipl) can be 
satisfied by requiring that the metrics on the fibres are of positive scalar curvature. Now, 
keeping in mind the results about the Cheeger-Gromov p( 2 ) recalled in the introduction in 
(a), we now ask the following question: can we use /5( 2 ) to describe the space of metrics on 
the vertical tangent bundle that are positive scalar curvature? Let's fix some notation for 
the study of the geometry of a fibration. T(M/B) C TM is the vertical tangent bundle, 
which will be also denoted with V. Let <?m/b be a metric on the vertical bundle. Vz € B let 
i z : M z — * M be the natural immersion of the fibre: then i* z gM/B ls a metric on TM Z . gu/B 
is in fact a family of metrics on the fibres (we will also use the notation gu/B — 9 — (.96)fces)- 
When a horizontal distribution H is fixed, in this section we will denote with g a horizontal 
metric. 

We can consider the following space: 

Tl + (M/B) := {g metric on T(M/B) s.t. scal<? 6 > V6 e B} (20) 

Observe that in the situation of the family n : M — > B and the family of coverings q : M — > B 
with a metric g on the vertical tangent is fixed, by Lichnerowicz formula Vz e B D z = 

V*V+ — scal(<7 z ): hence to guarantee the hypothesis (ipl) it is enaugh to require for example 

scal(i*(7M/s) > S > 0. (If B is compact this is easy to obtain, provided the fibre has PSC). 



14 



Sara Azzali 



Let's define the three natural relations in 1Z + (M/B), following |Pj§2]. We say that go and 
gi are path- connected in 1Z + (M / B) if there exists a continuos path gt G 1Z + {M/B) connecting 
them. Then Vf G [0, 1] g\ 1/B G K+(M/B), and Vz G £> ^3^ /s is a path in K + (M Z ). In ths 
setting it is natural to consider the family of cylinders (M z x I) z eB (family of manifolds with 
boundary), fibres ofMx/^B. One has T((M x I)/B) {m<io) = T(M/B) m x T io . 

We say that go and gi are concordant if on the fibration of the cylinders M x J — > B 
there exists a vertical metric G s.t on each fibre Gf, is of product-type near the boundary, 
scal(Gh) > 0, and on M x {i} B \t coincides with gi, i = 0, 1. We say that go and g\ 
are bordant if there exists a fibration W — > B of manifolds with boundary with a metric 
G of product-type near the boundaries and of positive scalar curvature along the fibres s.t 
8W b = {M b ,g 0>b )U{M b ,g ljb ). 

Recall that if H is a fixed horizontal distribution, and g is a metric on B and g is a metric on 
V, then g = g(Bg makes M into a Riemannian submersion. Let t > and consider gt ■= tg®g: 
such rescaled metric is called the canonical variation of g. The map 7r : (M,g t ) — > {B,g) is 
still a Riemannian submersion. We are now interested in the following question: are there 
relations between the spaces 1Z + (M/B) and 1Z + (M)7 Let's recall the relation between scale? 
and scalt/f,, scalg (see for example [Be] , chapter 9). Let's denote with 7i and V the projections 
on the horizontal and vertical distributions. Introduce the tensors T, A given by 

T El E 2 := H(D VEl VE 2 ) + V(D VEl HE 2 ) (21) 

A El E 2 := H(D HEl VE 2 ) + V(D HEl HE 2 ) (22) 

Fix {E/j} a orthonormal base of and {Xi} a orthonormal base for TL X . Define the horizontal 
vector field N = J2j ^V, Uj (which is the mean curvature along each fibre) . Moreover for any 
tensor field E on M define 8E = - T,i{ D x i E)x t - 

Scalar curvature for the canonical variation g t From [Be], Cor. 9.37 we have that if 
s = scal(i?), s = scal<7, s — scale?, then 

s = s + son - \A\ 2 - \T\ 2 - \N\ 2 - 25N (23) 

where \A\ 2 := V ( (/ ,;.l v r,..l v / \T\ 2 := ^^gilr .X..T, X,}. Then from easy compu- 
tations (applying lemma 6.9 in [Be]) we get 

scal(s t ) = -s + s o 7T - t\A\ 2 - \T\ 2 - \N\ 2 ~ 2SN (24) 
Then it is clear that the following lemma holds 

Lemma 6.11 — Let ir : M — > B be a smooth fibration with compact base B. Let g be a 
metric onV, g G 1Z + (AI/B). Then there exists on M a metric of positive scalar curvature. 

Proof — Fix a horizontal distribution Ti and consider a metric g on it. Let g = g g 
and take its canonical variation g t . Since B is compact, for t small enaugh in ((24^) we get 
scal(p t ) > 0. □ 

6.1 p is constant on the connected components of 1Z + (M/B) 
Proposition 6.12 — Let tv : M — > B be a fibration with Spin fibres of even dimension. 
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Let B be compact without boundary. Let V be a discrete group and M — > B the fibration of T- 
coverings. Then the form p(M, M, V) defined in lfT9|) is constant on the connected components 
ofU+(M/B). 

Proof — Let g\ c TZ + (M/B), A e [0, 1] a path connecting g and g\. Vz e B let h z be 
the metric on the cylinder M z x I given by (gx) z - h z is of product-type near the boundary. 
Consider the family of Dirac operators on the cylinders (M z x I) Z £B- The boundary family is 
formed of the two families T>° — (D z , go,z)zeB and V 1 = (D z ,gi tZ ) z& B, and both of them are 
families of uniformly invertible operators. Then the Bismut-Cheeger theorem can be applied 
to have 

Ch(TndV M xi.h) = I AS-h(M^B,g ) + h(M^B,g 1 ) in H*(B,M.) 

J f ibre 1 1 

Now we shrink the metric on the cylinders to obtain invertible operators: take h' z — tg\ (Bds 
so that sc&\(h' z ) > Vz € B. By construction h' z coincides with tgo and tgi on the boundaries. 
Now Ch(lndT>Mxi : h') — so that 

0=/ AS- h(M^B,tg ) + \f,{M^B,tg x ) mH*(B,R) 

J fibre * * 

Now consider the family of coverings M z . We can reason as before pulling back on the covering 
the path of metrics. What we get applying the index theorem in |LP] is 

0= f AS -\f, {2) {M -f B,M,tg ) + \f, {2) {M B,M,tgi) m H*(B,R) 

J fibre ^ * 

□ 

Here it would be interesting to use p or the numbers obtained by pairings with homology 
classes of the base B to describe the space 1Z + (M/B), following ideas of |PS2] . |BG| . 

7 The /9-form under a weaker hypothesis on the spectrum 

In this section we remove the assumption (ipl) of uniform invertibility for the operators 
(D(,)beB and we construct the /9-form for a wider class of problems. It is clear that the 
delicate point is the t — > oo-asymptotic. We follow [HQ, where this asymptotic is developed 
in the case of a foliation of a compact manifold. In our case M is not compact, but it is 
bounded geometry, so that computations in |HL| can be easily applied to our different but 
less complicated situation: we extend them to the definition of p. 

It is known that the t — > oo-asymptotic of the heat kernel is deeply connected with the 
behaviour of the spectrum near zero, (see Appendix [El ) . 

Let V be the family of Dirac operators on the covering and let B the superconnection 
adapted. In what follows , we work fibrewise so that all conditions are meant to be fibre by 
fibre. Let P = {Pb)p^B the projection onto the kernel kerP = kerD 2 . Let P e be the family 
of spectral projections of V relative to the interval (0, e). We have that P e = E e — Eq, if E\ 
is the spectral measure associated to the operator V 2 and Q e = \ — P t — P relative to [e, oo). 
We start requiring the following regularity hypothesis: 

1. P, P e are smooth w.r.t. z G B 



2. tr r (P £ ) = 0{eP) with j3 > 3(dimB + 1) 
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Observe that tr r (P e ) =tr r (E e -E ) = tr r (£ e )-6 (2) , where 6 (2) = dim r (Keri)), so that in 
the case when V is the family of signature operators, we are requiring that the Novikov-Shubin 
invariant is greater than 3(dimP + 1). 

A simpler case is when P £ = for some e > 0. In this case is uniformly isolated in the 
spectra of {Db)beB (and correspondingly (3 = oo). We will discuss it. 

Recall that M = C°°{B, AT*B ® End£) is filtered by Mi = sections of 
J2j>i A J T*P> <g) Endf ). In the same way the space A/" of sections of the infinite dimensional 

bundle K{£) <g> AT*B is filtered by M t = sections of J2j>i A^T*B ® K{£). Since in the most 
part in this subsection we are dealing with the family of operators on the covering, to simplify 
the notations let's call only for this section V = D and remove all tildes. 

Let B the Bismut superconnection and let V = PB^jP. Then e~ tv is well defined G A". 
Pose 

B e := (P + Q e )B(P + Q e ) + P e BP e 
A e<t = B - B e 

The rescaled operators are 

B M = {P + Q e )(B t - VtD)(P + Q t ) + VtD + P e {M t - V~tD)P, (25) 



A^t = (P + QM - VtD)P t + P t {M t - VtD)(P + Q e ) 

Denote also T c = Q e MQ e and T e t = QJ& t Q e . Let's recall the diagonalization lemma for the 
term B e (proved in [HL]). 

Lemma 7.13 — QHUj. prop. 6) 3g £ e M, with g t el+N\ s.t. 



V 2 
T 2 
P3Pe 



mod 



A3 
A" 2 




lt = 


ts t i 


= 








V 2 










A" 3 











T 2 





+ 










Q 





P £ B t P e 














9 A 



t5 t (y 2 + Nz)5i l 



t6 t (T? + M 2 )5i 1 



P e BtP £ 



Now observe that V 2 € M2 so that f<5tV 2 <5 t 1 = V 2 . To estimate the residual terms belonging 
to A4 we recall the following lemma, proved in |HL| . 

Lemma 7.14 — If A E A4 is a residual term in the diagonalization lemma or is a term in 
g e — 1 or g~ x , then, posing e — t~ «, A t := ^A^ 1 verifies: Vr, s 
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Then at place (1,1) in the diagonalized matrix above we get W 2 +0(t 2 + = Q(t 2 + 0). 
To have -\ + | < we take a > 6. The term at place (2,2) gives T 2 t + 0(ti). Then 



v 2 + o(t- a ) 

T 2 + 0(ti) 





™e,t ~ S t9e 8 t 
Now since from diagonalization lemma g e — g n +i 1 



S t g e S t 1 with a > 



S t9 n lA 1 


v 2 + o(t- a ) 

Tl t + 0(tl) 


5t9n+iS t 1 











Observe that since g € — 1, g e 1 — 1 £ J\f\, 

ton+A -1 = 1 + 



0(t-*+s) o(t-Hi) 

0(t-3 + S) 0(t-3 + l) 



The case of uniformly isolated. Suppose that there exists eo > s.t. P eo = 0. In 
this case B t = M t . e . Pose as before e = t~~, with a > 6. Denote 6* := 0(f~2 + -) and 

e~ T = e~( T *- t+0 ( ta ^ for e _B * we get the expression 



e * = 



1 + 6* 6> 
6> l + 6» 



l + 6> 6» 
6» 1 + 6* 



o(r a ) 





-v 2 




i + 6» e 
e i + e 



i + e e 
e i + e 



+ 



i + e e 
9 i + e 



o(t~ a ) 

e~ 7 



i + e e 
e i + e 



A = 



(l + 0) 2 e" v2 6(l + 6)e- v2 
6{l + 6)e- v2 9 2 e-^ 2 



A + B. 

o 





+ 



0(t- 1+ i) 0(t-^+i) 
0(t-i+±) 0{t- 1+ i) 



B = 



(l + 9) 2 (D(t- a ) 0(1 + 0)[O(t- a ) + e- T ] 

9(1 + 9)[0(t- a ) + e- T ] 8 2 0(t- a ) + (1 + 8) 2 e- T 



so that 



Clearly 



A + B 







+ 



0(t- 1+ i) 0(t-i+i) 
0(t-'+l) 0(t- 1+ i) 



lim Str r (e- fi *) = Str r e" v2 = Ch Xnd T (V) 



It is also easy to give an estimate for Strr(^l 1 e B *). In fact 



o(r 



+ 





t~*D 

0(t-'i) 
0(t~i) 



+ 0(t-*)J (A + B) 
+ G(i- 2 ) = 



0(t-*) 0(i" 2 ) 
G(i- 1+ t) o(t-*+s 
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Since ^ < | < | and since only diagonal blocks contribute to the Strr , it is clear that in the 



case P e — the form (3{t) = Strr ( —j- e * ) is integrable for t — > oo. 



The general case (P e 7^ 0). Recall we have posed in lj25]l B t 
express e~ Bf write B t (z) = B t>e + zA t ^ so that 



Now to 



dz 



equals, from proposition 3.10 in [HLJ 

-1 



1 -(s-l)BUz) M Hz) r 



dz 



It is proved in |HL| that lim^oo Str r B * ^ 
for t — > 00 of 



= Str re v . Now we examine the integrability 



Str r (— e «) = Str r (— e 



(26) 



Let's study separately the two terms Strr(— -^e Bt > £ ) and Str^-^-Fe.t)- For the first term: 
r / n n n 





rir e 



0(t" 











tzP f DP f 







t-2P f DP e e 




-P c MfP e 







e" v2 


-*) 


( 












) 






) 


) 











3~ V2 





0(t-i)e 







0(*-i)e 


J-v 2 





0(t-f)e 



-P £ B?P t 
-P £ B 2 P £ 

-P £ fl 2 P £ 



C(t- 2 +S) o(<- 2 +^) 
+ I 0{t- 1+ i) 0{t-i+i) I + I 0(t- 2 +l) (D(t~ 2 +i) 















0{t 



-2+f 



-2+7 







so that when taking the supertrace, we get that we only have to guarantee the integrability 
of Str r {t-^P e DP e e- p < B t p ') and Str r {0(t~ I ) e - p ' M " p '). The latter is integrable; for the other 
part, which correctly written is Strr(t _5 -P e -DP e e _P£BtP€ P e ), we reason as follows 

Str r (t-^P e DP e e- p ' K ' p ') = H tr r (J7P £ ) 

where U = r]P £ DP li e~ p ' B2pc and 77 is the grading s.t Str A = tr(r]A). Now we evaluate 
tr r (C/P e ) = tr r (Z7P e 2 ) = tr r (P e UP € ). Let w l5 ...,wja base of AT*B, for 2 fixed on the base 
fl. J7 is a family of operators and U z acts on C°°(M Z , E z ) ® AT*B. Write £/ z = J2j Uj 



Now 



tr r (P t UP t ) = J2 tr r(PeUjP e ) ® = 



2 In fact if Pi are projections s.t. Pi = 1, then for an operator A we have Str A = trjyA 
PiTjAPi) + trQ^^- PiTjAPj) = trQ^ PitjAPi) since tr is zero on commutators. 
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recalling we are on the coverings 

= HxrPeUjPeXr) ® uj (27) 

3 

Now 

i 

(where {S Vi } is a base of L (M z \y?, E z \j?)) 

i 

I < U 3 P eX rS Vt ,PeXr5 Vl > I < H^-PeX^yi • \\PexM\ < 

<\\u 3 \\\\p eX M\ 2 <\\u z \\ \\P e xM\ 2 



J2 WPeXrSvA =J2< PeXr&v^PeXrK > = 

i i 



Hence 



txr(PeUPe) < ||C/||C(e' 3 ) = \\U\\0(t~) , with e = t~i 

Observe that the term we want to be integrable in t is t~i trr(UP e ) < c\\U\\ t~^~^ . Now 
since 
then 



since U — r]P e DP e e PsB t Pe is such that t I \\U\\ is bounded independentely of t for t — > oo, 



We require 



_ . d!b$t r2 q 1 9-1 p 



9-1 /3 

- — < — 1 



2 a 

to have integrability hence we need a < . a is also required to be a > 6 (see the beginning 
of the paragraph about the case of uniformly isolated) so that the hypothesis 

P>3(q+1) (28) 



is a sufficient condition to have integrability for the first term in 1(26)) . Now let's consider the 
second term in f26)l and study 



dt ' 2 Jo Jo dz 

We have = B t ^)A e , t + ^ £ ,A(z) = 

V£2M e , 4 + (P + Q € )H(P + Q t )HP £ + P e HP t H(P + Qe) + z(P + Q,)HP t H{P + Q e )- 

+zP e H(P + Qe)HP e + A e!t ViD + P e H{P + Q e )H{P + Q £ ) + zP c H{P + Q e )HP c + 
+(P + Q e )HP e HP e + z[P + Q e )HP £ H(P + Q e ) = 
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where H = B^j + t~^M [2 ] 

= V~tDP e (M m + i-3B [2] )(P + Q £ ) + V~tD(P + Q e )(M m + r'B [2] )P e + (P + Q e )(B [1] + 

+i"5B [2] )(P + Q £ )(B[i] + r'B [2] )P e + P e (B w + t-'BpjJPefBpj + Hb [2] )(P + Q e )+ 
+z(P + Q e )(B [1] +i-5B [2] )P e (B [1] +t-^B [2] )(P + Q e )+ 
+^P(B [1] + i-5B [2] )(P + Q e )(B m + r?m [2] )p e + 
+P e (B [1] + i-2B [2] )(P + Q £ )\/t^ + (P + Q e )(B[i] + r^M [2] )P e ViD+ 
+P e (B [1] +i-5B [2] )(P + g e )(B [1] +i-5B [2] )(P + Q e )+ 
+zP e (B [1] + Hb [2 ])(P + Q e )(B[i] + t~ 5B [2] )P e + 
+(P + Qe)(B [1] + t-iBpjJP^pj + t-^B [2] )P e + 

+^(P + g e )(B [1] +i-5B [2] )P e (B [1] +t-5B [2] )(P + Q e ) 

Let's analyze the terms in the sum above, keeping in mind that we are going to compute 
a supertrace. In the term 

VtDP £ (B[i] +t-im [2] ){P + Q e ) 

we can reduce to the addend \/i-DP e B[i] (P + Qe) when considering the supertrace, since Bp] 
is a family of vertical operators so that observation in the last footnote applies. Now writing 
in local coordinates VtDPJ3, [1] (P + Q e ) = ^DP^^l - P e ) = 

= VtDP e (d + $){l-P e ) 

where $ is a family of vertical zero order operators and again by the same argument we can 
reduce to 

VtDP e d(P e ) (29) 
Now examine another element, for example 

(P + Q e )(M m + HBpj)(P + Q £ )(%] + i"5Bp])P e (30) 

Here under supertrace we can reduce to 

(P + Q e )B [1] (P + Q e )B [1] P e + (P + Q e )f-5Bp ] (P + Q £ )B [1] P e + 

+ (P + Q e )B (1] (P + Q e )i-5Bp]P e = 
(1 - P t )(d + $)(1 - P e )(rf + 4>)P £ + (P + Q e )(l - P e )t-iB [2] (l - P)B [1] (d + $)P £ + 

+ (1 - P £ )(d + *)(1 - Pe)^B [2] P 

With this kind of reductions, we get that, since we are going to take a supertrace, we can 
reduce to consider 

*?(*) 



dz 



= V~tDA 1 + A 2 VtD + A 3 



where A4 = Ci^P e C ii2 , with C\j e Mi are sums of words in d(<&), t 2 Bp], i ad(Bp]). 
This implies that Cij are differential operators with coefficients uniformly bounded in t. 
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Then Str r (^F e ,t) = 

= Str4(t-iD-f-iB M ) / / e^ s ~ 1 ^ (z \ViDG\ 1 P e C 1 . 2 + 
* Jo Jo 

+C 2A P e C 2 , 2 V~tD + C 3A P,C 3 , 2 )e~ sB t (z} dsdz = 



tr r (^(*-*X>-t-*B[ 2] ) J j e- ( - 1)B * w (>/tI>(Ci ll P e )P e (P 6 Ci l2 ) 
(C 2A P e )P e (P e C 2 , 2 )VtD + (C 3 , 1 P)P £ (P £ C3, 2 ))e~ sB?(z) d S dz 

• 1 /■! 



trrrCf'C-t^Bp] 



o Jo 



+p £ c 2 , 2 ^- sB '( 2 V^ s ' 1,B ' (2) c 2 , 1 p e + p £ c 3 , 2e - sB ?(^ e -( s - 1 ' B '(^ 2 , 1 p e 

tr r (P £ WP e ) with 

+(7 2!2 Vt£'e- sB ?Wr ?e -( s - 1 ) B 'WC 2 , 1 +C73,2e- sB ?Wr ? e-( s - 1 ) B ?WC 2 , 1 ' 



is bounded independently of 



Now again as in J23 we have that t~l e~ sB * < z V^ 8 " 1 ) 8 ' W 

t for i — > oo so that the condition Q28|) on the Novikov-Shubin exponent guaranties that also 
this second term is integrable. 

We have therefore proven the following proposition 

Proposition 7.15 — Let T> be the family of Dirac operators on the covering. Let P = 
(Pb)beB the family of projections onto the kernel keiT) — T> 2 . Let P e be the family of spectral 
projections of V relative to the interval (0, e) and Q e = 1 — P c — P relative to [e, oo). If the 
following regularity hypothesis are satisfied 

1. P, P e are smooth in z 

2. tr r (P £ ) = 0(e 13 ) with (3 > 3(dimP+ 1) 
then the form 

p(M,M,V) :=f)-f) (2) £C°°(B,AT*B) 

is well defined and it is closed. It gives a class [p] € H*(B). 

The local part in subsection |4] does not require regularity hypothesis, so that that p gives 
a class in H*{B) also in this case. 

8 Rho-form in the case of odd dimensional fibre 

Let 7r : M — * B be a fibration with odd dimensional fibre F. Let E — * M be a vector bundle 
of vertical Clifford modules as in the setting, which we require to be endowed with a Clifford 
connection V £ . Let V be the family of Dirac operators on the fibres. Since the fibre is odd 
dimensional, E is not naturally Z2-graded. There is anyway a kind of superconnection also 
in this case (see [Q] or appendix I A.3p . The basic idea is that a vector bundle is equivlent to 
a super-bundle with an action of O(l). 
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As in (Q] and [BClj . replace the bundle E by E(BE, and T> by the diagonal operator V A 
O* T> J' ^ e cons ^ er E ® E as & module over O(l) whose generator is a — ( ^ ^ 

Definition 8.16 — A O(l)-superconnection adapted to I? is a superconnection adapted to 
V A which also commutes with a (by definition B is still odd with respect to the total grading of 

A(M, E e E)) 

B : A(M, E®E)~^ A(M, E E) (31) 

which commutes with a. 

The rescaled Cl{l)-Bismut superconnection is given (|BClJ) by 

M t = V~W A a + V A - 

where V A is the infinite dimensional unitary connection defined on the superbundle E © E. 
The Bismut-Cheeger eta form for the family T> is 

If 00 fdBt vA , 

(?) is in this case an even degree form, since B 2 and e~ B * are even degree elements of 
C°°(M, tt*AT*B ® End(£ © E))), while 

* 2 4Vt 3 J 

is odd and Tr^n) is an odd operator, as explained in appendix). Now, removing somewhere 
the A from diagonal operator to simplify notations, compute 



it = V 2 + W - 



c(T) 



- + Vi(VV + VV)a 1 -= fVc(T) + c(T)v) a+ 



4 J t v ; Ay/t V 

+ i (Dc(T) + c{T)V) =A A + B A a 
By standard computations (see [Q]) give that 

Tr 0(1) (^e"»?) =Tr a(1) (we~^+ B ^) = Tr (we~W< 

The term W A e — +B ' is diagonal. Its trace is just twice the trace of We~( A+B \ 

On the coverings we will have the 0(1)-Bismut superconnection B which is constructed 
in section IA.3I and can be written explicitly (rescaled one) 

B t = V~W A a + V A - C ^^a 

The r-0(l)-supertrace on the coverings has a natural definition fibrewise. Moreover Ker2? A = 
Ker£> © Ker£>, and also spectral projections are obtained as before. In the computations of 
sections [5] and [7] about convergence of the t — > oo-asymptotic in the even dimensional case 
we did not use that T> was odd ^-graded at all. This allows us to repeat here (when V is 
ungraded) all proofs without additional hypothesis and obtain proposition 17.151 also for the 
odd dimensional case. 
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8.1 Conjecture about applications to families of signature operators 

In the direction of results of Keswani and Piazza-Schick about the homotopy invariance of 
the Cheeger-Gromov rho-invariant for the signature operator (recalled as (b.2) in section[T]), 
one could think to apply proposition 17. 151 to a family of signature operators (if one can prove 
that there exist examples of families for which regularity assumptions (1) and (2) above hold) 
and conjecture that, under suitable assumptions on the group T, the p-form is a fiberwise 
homotopy invariant. Let's define a suitable notion of fibrewise homotopy equivalence between 
two fibrations. 

Definition 8.17 — Let n : M — > B and it' : N — > B be two fibrations of compact manifolds. 
A map h : N — > M s.t. n o h = it' is called a fibrewise homotopy equivalence if Vi G B 
h\ Nt : Nt — ► Mt is a homotopy equivalence. 

Let 7r : M — > B a fibration of oriented Riemannian manifolds and let T> be the family of 
the signature operators along the fibres. Let Y be group and R: M — > Br a map classifying 
a normal r-covering of M. Let 2? be the family of operators lifted to the coverings. Since the 
Novikov-Shubin invariants are T-homotopy invariants, we make the following remark. 

Remark — Suppose that the family V satisfies conditions (1) and (2) of proposition l7"T5l 
Let h : N — > M be a smooth fibrewise homotopy equivalence and denote with V' the family 
of signature operators on the fibres of N — > B. Then also the family V' satisfies conditions 

(1) and (2) of proposition 17.151 

Conjecture 8.18 — Let it : M — > B a fibration of oriented Riemannian manifolds and 
suppose the family V of the signature operators along the fibres satisfies conditions (1) and 

(2) of proposition 17.151 Assume T is a torsion-free group that satisfies the Baum-Connes 
conjecture for the maximal C*-algebra. Let R : M —> BT a map classifying a normal T- 
covering of M. Then /5 (2) (2?,r : M -> BY) = / 5 (2 )(2?',r o h : N -> BY), 



Possible direction in the proof of Conjecture 18.181 The proof of (b.2) by Piazza and 
Schick in [PS1] makes use of the homotopy invariance of the Mishchenko-Fomenko index class 
in K (C*Y) for the signature operator. The index class linked to our problem is an element 
of Kq(C(B) (8 C*Y). We only sketch briefly its definition in the case B is compact, following 
for example construction and notations of |MR] , 

Let 7r : M — > B a fibration and let R : M — * BY a map classifying a normal r-covering of 
M. Suppose for the moment that the Clifford modules bundle is Z2-graded, and the family 
of Dirac-type operators is odd. Let V = M x r C*T — > M be the Mishchenko-Fomenko 
bundle on M. Its restriction on each fibre M t gives V\M t = Mt x r C*T — > M t . Twisting the 
family V with the Mischenko-Fomenko bundle we get a family that we denote X>y = {Dv,t)teB- 
C°°{M/B, E®V) has a C(B)(g)C*r-valued scalar product. Completing we get a C{B)®C*T- 
Hilbert module H = L 2 (M/B, E ® V). 

Let Q a parametrix for the family 2?y2?y, so that Q 2 2? v 2?y — I is a smooth family of 



C*Y), where fi is given by multiplication. The map c : C(B) — > C(M) given by inclu- 
sion of the functions constant along fibres gives a map ip c : KKb{C{M),C{B) ® C*r) — > 
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KK B {C(B), C{B) ® C*T) ~ iTi^(C, C(B) ® C**r). Then 
2nd (X>v) = <^ c 

is the index class. 

The homotopy invariance of 2nd(2>y) in the case of the family of signature operators 
should follow from Hilsum-Skandalis result ([HSJ) in the case of foliation. The index class of 
the family 2>, viewed as foliation, belongs to a certain C*-algebra which is Morita equivalent 
to C{B) ® C*r. It should be possible to identify the two index classes and to obtain the 
homotopy invariance of 2nd (2>y). This would be the a fundamental component in the proof 
of the conjecture. 



A Superconnections 

The notion of superconnection, given by Quillen in |Q|, was motivated by the problem of giving 
a local formula for the index of a family of Dirac operators using heat equations methods. 
The idea of superconnection, extended then by Bismut to the case of infinite dimensional 
bundles, gives the right way represent the Chern character of the index bundle. 

A.l Superconnection adapted to a family of operators 

Even dimensional fibre Let n : M — > B be a fibration with fiber a compact manifold F 
of even dimension. Let T{M/B) be the vertical tangent bundle and Qm/b be a metric on the 
vertical tangent. 

Let E — ► M be a hermitian vector bundle of Clifford modules on Cl(T* M / B , g M / B ), 
and call c m : Cl(T*M/B,g M / B ) — * End(E m ) the Clifford action. Denote M b := 7r _1 (6) and 
Eb := E\ Mb . E = E + © E~~ is naturally Z 2 -graded. Assume E is given a connection V B such 
that 

[Vf, C (a)]=c(vf%). (33) 

These data produce a family of Dirac operators V — (Db)beB- explicitely, if 6 € B is 
fixed, let Eb = E\ Mb be the restricition of the bundle on the fibre Mb. Vm S Mb then 
T^M b = T* n (M/B), so that restricting to M b , we have c b : Cl(T^M b ) -> End((-E 6 )) m . The 
composition 

D b = c b o V Eb : C°°(M b , E b ) -> C°°(M b , E b ) 

gives the family of operators. 

Bismut introduced some infinite dimensional fibre bundles associated to the family. Let's 
recall their definition: £ — > B is the bundle with fibre £ b — C°°(Alb, Eb). Its spaces of section 
are given by C°°(B,£) =C°° (M, q* (A* B)®E). 

Definition A. 19 — Let V a smooth family of Dirac operators on E — > M. A superconnection 
adapted to the family I? is a differential operator A on A(B,£) = C°°(M, w*AT*M® E) of odd 
parity s.t. 

1. A(>$) = {d B v)<& + (-l) |,y| A($) 

2. B = P + %] + ..., 

where B [i] : A'{B, W) -> W) 
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Let now A be a superconnection adapted to the family of Dirac operators V. Then A 2 =: T 
is a family of differential operators with differential forms coefficients and moreover T = 
V 2 + J r [ + ] , where JF[ + ] is a family of differential operators with differential forms coefficients 
which raise exterior degree in AT*B ® C°°(M Z , E z ). 

For such a family A 2 the heat kernel can be constructed ([BGVj, chapter 9): it is denoted 

A 2 

as e and it is a family od smoothing operators along the fibres: 

e -A 2 g c°°(B,A*T*B®}C(E)) = A(B,fC[E)) 
like K(E) we have Strfe € C°°(B). If k € A(B,JC(E)) then Strfc € A{B). 

Definition A. 20 — Let A be a superconnection. The Chern character is defined as chA = 

Stre- A2 . 



Theorem A.l — 

1. ch A is a closed form on B; 

2. if A s is a family of superconnections adapted to V s , then 

<*A.~*,(ar(*^-*.)). 

We now recall some results, explained for example in (BGVj . chapter 9. Let V be the family 
of operators and A a superconnection adapted to V. Then define, Wt > 0, S t ■ A(B,£) which 
on A l (B,£) is multiplication by t~i . Then At = t^StAS^ 1 is a superconnection adapted to 
the family \ftT> . 

Suppose now that the dimension of KerD z is constant, and let Pq be the projection onto 
KerD. Then Vo = PqAPq is a connection on the index bundle Kerl? — * B and At = t^StAS^ 1 
satisfies 

lim ch(At) = ch(V ) 

t — *oo 

moreover 

/OO / J A \ 

Str (-J- e - A 'j ds (34) 

A. 2 Bismut superconnection and the Heat-equation proof of the lo- 
cal family index theorem 

Explicit formula of the Bismut superconnection Let n : M — ► B be a fibration with 
fiber a compact manifold F of even dimension. Let T(M/B) be the vertical tangent bundle. A 
connection on TM will be the choice of a subbundle T H M C TM s.t. T H M®T{M/B) = TM. 
When a connection is given, we will denote with V and H the projections on T H M and 
T(M/B) relative to the splitting. When X is a section of TB, let X H denote the unique 
section of T H M s.t. ir*X H = X. 

Let gM/B be a metric on the vertical tangent. Fix also any metric gs on the base (and 
lift it on the horizontal bundle). By assuming that T H M and T(M/B) are orthogonal, TM 
is endowed with the metric g = Tr*gB ® gM/B- Let V 9 the Levi-Civita connection on M with 
respect to the metric ir*gB © gM/B- Define 
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on the vertical tangent: it can be shown that V M / S does not depend on gs- If V s is the 
Levi-Civita connection on the base, consider also a second connection on TM, defined as 

V® = V M/S ffi V s 

which is compatible with the metric g, but is not torsion-free. Define the tensor 

J = V 9 — V® 



and 

T(U,V) = -J{U,V) + J{V,U), (35) 

the torsion of V® . Define ui as 

u(U)(X,Y) = g(J(U)(X),Y) (36) 

Define also \& as: 

< V(X,6),Z >=< V M/B X - V[Z,X},9> (37) 

where 8 is a section of T*(M/B), X is a section of T(M/B) and Zis a section of T^M . Let 
now k(Z) be the trace of ^f(Z), i.e. 

fc(Z = tv^(Z) = < ^(e h e'),Z > (38) 

i 

Let n € C 00 (M,Hom(A 2 r H Af,T(Af/S))) given by 

fi(X,y) = -V[X,Y] (39) 

Let E — > M be a hermitian vector bundle of Clifford modules, V B a Clifford connect ion an d 
V = {Db)beB the family of operators, then the Bismut superconnection, as written in (BGVjf 

B =E c ( e K+E*" A ( v /» + W4^ cWJ * A * (40) 



»[o] B [2] 

An equivalent formula for the Bismut superconnection is the foil wing, given in [ BCT] and 
|BF| : let V the connection on the infinite dimensional bundle £ — > £> defined by 

Let V" be a corrected connection where 



where M v = J2i< J{ei)ei, U >. 
The Bismut superconnection is 



V£ = Vu~ \m v 



J^+V^-^P- (41) 

Br i Bmj v v ' 

B[2] 



3 In |BGV| this construction of B is obtained this way: B is the Dirac operator on the vector bundle 
E = w*A*T*B <g> E w.r.t. a Clifford connection V E -° = V® + \m (u) and the action m of the Clifford 
algebra Co(M) endowed with a degenerate metric. 
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and c(T) = J2 a -/3 c (^(/t>i ff3))dy a Adyp . The theorem of Bismut [Bi] has the following con- 
sequence: 



Theorem A. 2 — If V is a family of dime operators associated to a Clifford connection 
V B such that dimKerZJf, is constant, then the superconnection in\Jl\ (the so called Bismut 
superconnection) satisfies: 

limchB t = / A(M/B)ch(E/S) (42) 

t_>0 J M/B 

moreover the term Str (^j-e -4 ^ is integrable for t — ► 0. 
The index formula for families is 

ch(Xnd V) = [ A(M/B)ch(E/S) € H*{B) (43) 

J M/B 

A. 3 Odd dimensional fibre and O(l)-superconnection 

Suppose now that the fibres are odd dimensional: the bundle E is no more naturally Z2- 
graded. nevertheless there is a way to define also in this case a "superconnection" (|Q|, [BC1]) 
Let CZ(1) — C (3 Ccr the complexified Clifford algebra over the euclidean space R, where 
a is the generator s.t. a 2 = 1. CZ(1) is a noncommutative superalgebra. 

Remark — A superbundle V = V° © V 1 is a module over the algebra O(l) if and only 
if it is of the form V — W © W, and °" = ^^ o)'^^ S cons ^ ere ^ as a right module. 

The endomorphisms of V as O(l)-modules are of the form ( ^ ^ J = Fld+Ga, where 
F, G : W -> W. 

Consider E © E and V the diagonal operator. Also V and c(T) are considered as doubled 
diagonal operators. Consider the superconnection 

c(T) 

B = Va + V — --^La (44) 

which is odd w.r.t. the total grading and commutes with a. This is known as the Bismut 
CI (1) -superconnection. 



B T-Hilbert spaces and Von Neumann dimensions 

Let r be a discrete countable group. 1 2 {T) is the completion of the pre-Hilbert space 

(cr, < (a 7 ,6 7 ) >:=J2 

An element of l 2 (T) is represented by a formal sum ~^^a g g, for complex numbers a g s.t. 

ger 

J2 g er \ a g\ 2 < 00 ■ There is a unitary action L of T on Z 2 (T), induced by left multiplication on 
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r. We can write it also in the following way, using the convolution product on the algebras 
Grander): 

(/i*/ 2 )(7)= E /i(")M*0 

ak— 7 

The action L is given by 

L:T ^ B(l 2 (T)) 
7 i ► <5 7 * =: _L 7 

Observe that <5 7 * Sp = S-yp and that (L 7 /)(x) = (<5 7 * /)(x) = f(j x). Convolution on the 
right gives in the same way a right action R-y(f) = f * S 7 . 

Definition B.21 — The The Group Von Neumann algebra 7VT is defined to be 

NT = £(T) := MCT) Weak in B{l 2 (T)) (45) 

Correspondingly 1Z(T) is the completion of i?(CT) and by the double commutant theorem £T = 
1ZT' = R(CT)' , so that NT is the algebra of operators which commute with the action of T. 

An important feature of the group Von Neumann algebra is its standard trace 

tr r : Vr -» C 

A h^< Ae, e >p( r ) 

where e s the unit element. In particular for A = ^ a 1 L 1 <E NT, then trr (A) = a e . 

Definition B.22 — A free T-Hilbert space is a Hilbert space of the form W <8> l 2 (T), where 
W is a Hilbert space and T acts on Z 2 (T) on the right. 

A T-Hilbert space H is a Hilbert space with a unitary action of T on the right s.t. there exists a 
T-equivariant immersion 

H -» v®z 2 (r) 

in some free T-Hilbert space. For Hi,H.2 T-Hilbert spaces, define 

B r (HiH 2 ) := {T : Hi -> W 2 bounded and T-equivariant} 
Observe that £ r (V ® Z 2 (T)) ~ B(V) <g> £T. 



B.l Dimension theory 

A bounded operator T : H — > H on a Hilbert space is called positive if < Tx, x > is real and 
< Tx, x >> Vx G (in particular, it is selfadjoint). 

Let H = V <8>j 2 (T) be a free T-Hilbert space. There exist a trace on B(H)+ with values 
in [0,oo]: if feB(H) + . 

M/) = E < ^ *«)' ^ ^ > 

if (V'jOjgn is a orthonormal base of V (trr is independent of the choice of the v=base.) 
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A T-trace can be defined also on any T-Hilbert-space H using the immersion j : H <— > 
V®l 2 T and proveing that the trace does not depend on the choice of j (see }CG| or [Luj . pag. 
17). 

Definition B.23 — (Von Neumann dimension) Let H be a T-Hilbert space, define 

dimr(W) = trr(id :H^H) € [0, +oo] 
The Von Neumann dimension can take any non negative real number or oo as value. 

Let Tii and TL 2 be T-Hilbert spaces. We describe some particular subspaces in Br(Hi,Tt 2 ). 

Definition B.24 — The set of T-finite rank operators is 

Bl(Hi,H 2 ) := {A e B r (Hi,H 2 )s.t.dim r (ETA) < 00} 
The T -compact operators are 

B?(H X ,H 2 ) := B f T {H u H 2 i " 
The T- Hilbert- Schmidt operators 

Bl(H) := {A e B T (H)s.t.tx v (AA*) < 00} 

and last the T-trace class 

B^(H) := Bl{H)Bl{H)* 

Their main properties are: 

• B f (H) , B°° (H) , B 2 (H.) , B 1 (H) are ideals. 

• B* cB 1 cB 2 cS°° 

• A e B l {H) if and only if \A\ G B l {H) for % = 1, 2, /, 00. 
B.2 Spectral measure from a T-operator 

We will need only a few notions. Let H be a T-Hilbert space and let T : DomT C H — > H be 
a not necessarily bounded operator s.t. i? 7 DomT C DomT and TR~ ( — i? 7 T (i.e. T is not 
bounded but has the property of the operators of AfT = R(CT)'. If T = T* , let Et be the 
projection valued measure on E associated to T. For every Borel set U the image Im Et(U) 
is a T- invariant subspace of H. 

Definition B.25 — 

fir >r (U) := tr r {E T {U) = dim r (lmE T (U)) (46) 

defines a measure on R with support in specT. For any bounded Borel function / : M — ► [0, +00) 
it holds 

trr(/(T))= //^r,T (47) 
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C Manifolds of bounded geometry 



Definition C.26 — Let (N,g) be a Riemannian manifold. N is of bounded geometry if 

1. it has positive injectivity radius i(N,g)\ 

2. the curvature Rn and all its covariant derivatives are bounded. 

A hermitian vector bundle E — > N is of bounded geometry if the curvature R E and all its covariant 
derivatives are bounded. This notion can be characterized in normal coordinates with conditions 
on g, coordinate transformations and V (see for example in [Ro] and [Va]). 

C.l UC k spaces of sections, Sobolev spaces, elliptic operators 

Define the following spaces of section of a bundle E — > N: 

UC°°(N) = {/ : N -» C : / G C°° , ||V fc /|| < c(jfc)} 
UC°°(N,E) C°°(N,E) , ||VV|| < c(fc)} 

The Sobolev spaces of sections are defined as i? fc (AT) := C c °°" " fc where 

ll/llfe := Sj=o 1 1 ^ J / 1 1 z.2 (7v® j t* ) ' an d i n a s i mnar wa Y f° r sections of a bundle E —> N. If 
J5 — > AT is bounded geometry, then there exists a special partition of the unit <&j s.t.: 

• supp^ C Uj, where Uj has normal coordinates; 

• the derivatives of $j's in normal coordinates are uniformly bounded indipendently from 
j and from choice of coordinates. 

• IHIh=(jv,s) ~EieNll^-HL (Uj,C N ) 

The Sobolev embedding property still holds: if dim A^ = n, then for s > § + k 
H S {N,E) ^UC k (N,E). 

Definition C.27 — The algebra U Diff (N, E) is the algebra generated by 

UC°°{N,EndE) and {Vf }xzuc°°'n,tn)- If P G f7Diff(AT,£r), then Vs G K it extends to an 
continuos operator H S {N 7 E) -> H s - k {N,E) 

Definition C.28 — Fe C/Diff(A r , £7) is called uniformly elliptic if its principal symbol 

cr pr G UC°°(T*N,ir* End£) 

is invertible out of an e-neighborhood of £ T*N, with inverse section which can be uniformly 
estimated. 

For a uniformly elliptic operator T, Garding estimate still holds: 

M\h>+«{n,e) <c(*,fc)(IMI ff . + IM Jy .) Vsel 



Definition C.29 — An continuos operator T : C^{N,E) -> (C£°(N, E))' with Schwarzt 
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kernel [T] has order k £ Z if Vs e M it admits a bounded extension H S (N,E) -► H s - k (N,E). 
Hence it is closable as unbounded operator on L 2 (N,E). An operator T € Op k (N,E) is elliptic 
if it satisfies GSrding inequality. 

Let T € Op k (N,E) an elliptic simmetric operator. Denote again by T its closure, T : 
H k — ► L 2 . We recall some properties of f(T), for opportune /. Define 

i?C(R) = {/ : K -► C : / is continuos and (1 + x 2 )if(x) < oo Vfc} 

RC(M) is a Frechet space. If T has for example order 1, then from Garding, 

I i 

wf(T)<p\\ HI < C (o ^ ii^/(t)^ii l2 < C (o ii^n i2 ]r k'/ioo 

i=0 

it also holds Vfc, I G Z, Z > fc: 

j-fe i-fe 

||/(2>|| H < < c(z, fc) 2 ll T V(T)|| Hfc < c u\\ Hk J2 Wf\ 

i=0 

hence the map 

RC(R) -» B(H k , H l ) 
f -> /(T) 

is continuos and also i?C(M) — > Op~°° (N, E) is continuos. Now let's make the following 
observation on the Schwartz kernel of f(T), denoted by [/(T)]. 

Proposition C.30 — Let L = [§ + 1] and Z e N. Tfte map 

Op- 2L -'(iV,i;) -> [/C Z (N x N,E x E*) 



T i ► [T] 



is continuos. 



Corollary C.31 — If / € EC(E), then [/(T)] e UC°°(N x N,Ex E*) and 

i?C(R) -► UC°°(N x N,E x E*) 
I -> [/(T)] 

is continuos. 

D Analysis on T-coverings of a compact manifold 

Let p : M — > M a regular T-covering (the action of T on M is fixed on the right) of a compact 
Riemannian manifold. A fundamental domain is an open subset IcM s.t. X ■ 7 (II, V7 7^ e 
and M \ (JX • 7 has zero measure. 

Let E -> M a vector bundle, and £ = p*E t he lift. The Hilbert space L 2 {M,E) is a 
T-free Hilbert space in the sense of definition IB. 22\ in fact the map 

L 2 (M,E)^ L 2 (l, £|x)®Z 2 (r) 



32 



Sara Azzali 



with (£7) (a:) = £(2:7 x ) • 7, is an isomorphism. 

We need a description of T-trace class operators on L 2 (M, E). 

Proposition D.32 — Let A e B T {L 2 {M,E)). It holds 

1. A e Bt{L 2 (M, E)) if and only if X i\A\ X i € B\L 2 {1, E {1 )) 

2. Ae B V {L 2 (M,E)) => trr(A) = tr( X i^Xi) 

3. if A has continuos kernel [A] , then 



trA = / tr £ ([A](x , x)) dx = / 7r» tr ^ ([A](x,x))dx 
Ji * Jm 



We need this Lemma. 



Lemma D.33 — Let T e Op r (M, E) elliptic and selfadjoint. Then 



RC(R) -» B^{M,E) 
1 -> /(T) 



is continuos. 



E Novikov-Shubin invariants 

Let M be a regular T-covering of a compact Riemannian manifold M. Let A& = d<5 + Sd be 
the Laplacian on the fc-forms of Mi. Since A k is essentially selfadjoint, it has a unique closed 
extension A&. Let be the spectral measure for A fc , so that A k = J XdEX^ . Let 

where trr is the Von Neumann trace on the algebra of T-invariant operators on L 2 -sections 
of A k M. is in fact the density of the spectral measure ^r,A fc defined in ([IB]), Let 

b k ] = M+Q) = I™ N k (X) = tr r 

where P k is the projection onto the kernel of A k , be the fc-th L 2 Betti number. 
Consider the Laplace transform of the density N k (X), given by 

9 k {t) = tr r (exp(-tA fc )) = J e- xt dN k {X) (48) 

There is a link between the asymptotic of N k (X) as A — > and the one of 9{t) as t — > 00. In 
fact it holds: define N k (X) = for A < 0. The following conditions are equivalent: (see [GSj, 
appendix) 

1. 7V fe (A)-6x X f3 as A^0+ 

2. fc (t) - b =x as i -> 00 

If (1) holds, then (3 is called the fc-th Novikov Shubin invariant. In general (1) does not hold, 
and the Novikov-Shubin invariant is the number 

% = liminf = liminf -^(0 k (t)-h) 

A^0+ log A t^co logt 



Rho-from for fibrations 



33 



F Proof of Lemma 12.1 



Lemma F.34 — Let ir : M — > B be a fibration and let M — > M be a regular T-covering 
of the total space M. The composition q = n o p ; M — > B is still a fibration, and the fibre 
q~ x (b) = Mb is a T-covering of Mb. 



Proof — It is trivial that Mb covers Mb, since p^ tb ■ Mb — > Mb is the restriction of the 

covering p. Now we prove that q : M — > B is locally trivial. Fix bo <E B and let F — Mb . Since 
7r is a fibration, then 3U open neighborhood s.t. 3 a homeomorphism (p : tt - 1 (J7) — > U x F 
s.t. 



7T-HC/) 




U x F 



Chose also U contractible. Consider now g _1 (t7) C M and the covering V := q^ 1 ^) — > 
7T _1 (J7). The composition ^ o ir is a covering of the product U x F. We will show that V is 
homeomorphic to a product. 

Chose a basepoint fo G 7r _1 (6 ), and m e q^ 1 ^) such that mo <= g — 1 ((&o , /o)) • Then 
the covering (pop corresponds to a subgroup 



H 



(pop), (ni(V-,m )) < MU x F,(b J )) 



Now since IIi (C/ x F, (bo, fo)) — IIi(F, /q), if corresponds to a subgroup of IIi(F, /o) which 
we still call if. This characterizes a covering a : F — ► F s.t. a* fll^F, /o)^ = if, for a 

suitably chosen basepoint /o <E F. Consider the covering :— id xa : U x F — > [/ xF and 
the diagram 

y ^ U x F (50) 




Suppose that V' is connected: then the two coverings V and U x F must be isomorphic since 
A (il^tf xF,(6o,/o))) =/3*(n 1 (F,/ )) = a, (U 1 (F,f ))=H 



Then 3$ : V —>■ U x F which is homeomorphism and makes the diagram commute 
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hence verifies o $ = 5, and gives the trivialization. In the case when V is not connected 
(for example take the composition of the fibration S 1 x S 1 — > S 1 with the universal covering 
of the torus: the fibres are disconnected), then each connected component covers U x F and 
we have U n (V) ~ n (M& ). Then reasoning component by component the conclusion also 
holds. □ 
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